Biomath Notes 2/15/11 
GOAL: model “the” dynamics of nitrogen metabolism in terSchure paper
( at the cell

( in the chemostat

***note: no score on last assignment***

BREAKING DOWN THE HOMEWORK PROBLEM: CHOCOLATE MILK 

· x(t) = concentration of chocolate in tank

· dx/dt = rate of change = inflow-outflow ± reaction rate
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dilution rate in units of 1/time

· concentration in inflow = Du

dx/dt = D*u – D*x(t)

· take limit of x(t) as t ( ∞

· dx/dt = 0

· D*u – D*x(t) = 0

· u = x(t) at equilibrium

APPLYING THIS TO BIOLOGY

· x(t) = nutrient

· y(t) = yeast, consumes nutrient

· dx/dt = D*u – D*x(t) – loss due to consumption

· loss rate goes up with size of y (a*y?)
dx/dt = D*u – D*x(t) – a*y
· the problem of negative product….not possible
· “ay” is too simplistic

· can’t consume non existent nutrient…need to account for Du=0
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· try x dependence for consumption 
· more nutrients = more consumption

· slow down over time, only eat so fast

· “level off” at carrying capacity “K”

· JUST LIKE MICHAELIS MENTEN in terms of general looks

[image: image2.jpg]to capture inflow, outflow, and metabolism of the nutrient. The “new” parameter is y, the
concentration of yeast cells in the mixture.

Population dynamics. As one might imagine, the yeast cell population is not a constant. Rather, the
population may grow and decline. The modeling of this process can be challenging, and while there are
many “standard” models, there is no complete agreement on which one is “right” or even “best.” The
three most common are the Malthus model (or linear birth-death model), the logisitic model, and the
Gompertz model. Each of these model the population as having a net rate of change roughly
corresponding to “births” and “deaths.”

The Malthus model is the most straightforward. The rate of change of the population is a sort of
outflow/inflow balance: rate of change = birth rate —death rate. Each of these rates is a linear function
of the population size y(t). The birth rate is b*y(t) and the death rate is d*y(t). The idea is that some
fraction of the population reproduce in a time period, and some fraction of the population die in a time
period. Thus

Where r is the net growth rate. The solution of this differential equationis y(f) = yoe"which either

remains constant if r=0, grows exponentially (without bound) if r>0, or decays toward O if r<0.

To tweak this model to include nutrients, one could simply modify the growth rate to capture the
consumption of nutrients:

d
2 e Y ——
dt K+n

So that the net growth rate depends on the nutrient level. This model leads to a coupled pair of
differential equations, because the consumption model depends on the size of the population:

dn n
—=Du—-Dn(t)-yV_,, ——
= -y s 7
ﬂ=erm ‘

dt K+n

How does this system behave? More on this matter later.

The logistic model of population growth assumes that the net growth rate of the population depends on
the population size:

dy y
2Zod1-L |y,
dr ( ij



( [image: image3.jpg]the same as the inflow dilution rate), then the concentration of the nutrient »(z) can be determined as
follows:

Rate of change of nutrient = inflow rate — outflow rate — rate consumed in the tank.

Now, the inflow rate is D*u (and this is assumed to be a constant, independent of time). The outflow
rate is D*n(t), because the effluent is extracted from the uniform, well-mixed tank contents. Thus, we
have

dn
Yy = Du — Dn(t) — consumption rate
t

For the moment, if we assume no consumption, one can apply Math 245 or Math 123 methods to find a

formula for n(z), assuming n(f = 0) = n,is the initial concentration of nutrient in the tank at the start.
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Figure 2. Chemostat equilibrating with only nutrient influx.

To introduce cells, we can take a number of modeling approaches. First, we can assume that the cell
population is in stationary phase, meaning the size of the cell colony is constant in time. Using our
simple Michaelis Menten model (which is also called the Monod model in the context of cell population
growth) for the uptake of nutrients, we might consider

dn n
—=Du—-Dn(t)—yV__——
& -y s



 
Does r depend on nutrient level? 
· Yes, levels off

· Doesn’t start at 0

What do we have?
· dy/dt = (V2* x/(x + K2) – u) y

· difficult to solve at equilibrium

· How can we look at this??
· Dr. Fitzpatrick’s lionshare
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Last equation to arrive at….???
[image: image6.jpg]to capture inflow, outflow, and metabolism of the nutrient. The “new” parameter is y, the
concentration of yeast cells in the mixture.

Population dynamics. As one might imagine, the yeast cell population is not a constant. Rather, the
population may grow and decline. The modeling of this process can be challenging, and while there are
many “standard” models, there is no complete agreement on which one is “right” or even “best.” The
three most common are the Malthus model (or linear birth-death model), the logisitic model, and the
Gompertz model. Each of these model the population as having a net rate of change roughly
corresponding to “births” and “deaths.”

The Malthus model is the most straightforward. The rate of change of the population is a sort of
outflow/inflow balance: rate of change = birth rate —death rate. Each of these rates is a linear function
of the population size y(t). The birth rate is b*y(t) and the death rate is d*y(t). The idea is that some
fraction of the population reproduce in a time period, and some fraction of the population die in a time
period. Thus

Where r is the net growth rate. The solution of this differential equationis y(f) = yoe"which either

remains constant if r=0, grows exponentially (without bound) if r>0, or decays toward O if r<0.

To tweak this model to include nutrients, one could simply modify the growth rate to capture the
consumption of nutrients:

d
2 e Y ——
dt K+n

So that the net growth rate depends on the nutrient level. This model leads to a coupled pair of
differential equations, because the consumption model depends on the size of the population:

dn n
—=Du—-Dn(t)-yV_,, ——
= -y s 7
ﬂ=erm ‘

dt K+n

How does this system behave? More on this matter later.

The logistic model of population growth assumes that the net growth rate of the population depends on
the population size:

dy y
2Zod1-L |y,
dr ( ij




